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by the equation

(t p)� = t �
p� (t)

: M (T P)

Generalizes density: t � normal
p = ()

= t � lebesgue
p� factor (dnorm t)

: M (R 1)Generalizes conditioning: x � normal
y � normal
t � 5 x + 0 1 y
p = (x y)

= t � lebesgue
p� Pr(p t)

: M (R R2
)Generalizes density and conditioning

Can be thought of as unnormalized conditioning

A semantics-preserving transformation on probabilistic programs“unnormalized conditioning”

Disintegration

relates a joint measure
: M (T P)

with a base measure
: M T

and a kernel
: T MP

random choice (normal),
scoring (factor)

sequence of operations,
not just a primitive

s-�nite measures/kernels

Derived by equational reasoning (hence proven sound by construction)
= This talk: equational reasoning on example programs
+ Established PL technology: lazy and partial evaluation (traversing computation graph)
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> sampleN 

[Just (-2.27472855683721, 
       0.5837644016089706), 
 Just (-2.5749643550699046, 
       0.380584247902835), 
 …

model = … `bind` \… → 
        … 
        dirac (pair … )

lam $ \… → 
… 
dirac …

lam $ \… → 
… 
dirac …

simplify

disintegrate

Modeling

Conditioning

Sampling

Optimizing



lam $ \… → 
… 
dirac …

simplify

> sampleN 

[Just (-2.27472855683721, 
       0.5837644016089706), 
 Just (-2.5749643550699046, 
       0.380584247902835), 
 …

lam $ \… → 
… 
superpose …

mhSampling

Optimizing

simplify

lam $ \… → 
… 
superpose …
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A growing variety of base measures

::= lebesgue
counting⊗

Bhat et al. POPL 2012,
Shan & Ramsey POPL 2017

::=

n

⊗ ⊗

Narayanan & Shan
ICFP 2017

::= ret e � Discrete-continuous mixtures⊕ Disjoint sums
(x� ) ⊗ Dependent products

Narayanan & Shan Applications:
I clamped model/observation

(GPA, Tobit, camera)
I likelihood ratio, importance sampling,

mutual information
I belief update, Gibbs sampling

I Metropolis-Hastings sampling
I single site
I reversible jump, light transport
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To appear in TOPLAS
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Fixed-base disintegration

x� normal
y� normal
t = 5 x + 0 1 y
p = (x y)

x� normal
y� lebesgue
t = 5 x + 0 1 y
factor (dnorm y)
p = (x y)

t� lebesgue
p� ???
y = 10 (t 5 x)
factor 10
factor (dnorm y)
p = (x y)

x
y

x
y

=

= =

density reparameterize
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do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

Disintegration for 
two measurements



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
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ā ! normal µa σa ;
b̄ ! normal µb σb ;
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do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1
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;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

M ((R×R)× (R×R))
do {a! normal µa σa;

b! normal µb σb;
x1! return (a ! n1 + b);
ϵ1! normal 0 1;
x2! return (a ! n2 + b);
ϵ2! normal 0 1;
return ((x1 + ϵ1 , x2 + ϵ2) , (a , b))}
(R×R) → M (R×R)
λt →
do {a! normal µa σa;

b! normal µb σb;
factor (dNorm (a ! n1 + b) 1 (fst t));
factor (dNorm (a ! n2 + b) 1 (snd t));
return (a , b)}

Observation

Line

Measurements

Line



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
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ȳ2 ! normal (a ! n2 + b) 1
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;

return (a , b)}
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ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1
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;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

Constrain the 
measurements

to be the 
observation

in the context 
of the heap



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

▹ e t h =

case e of
(e + e ′) → . . .

(e , e ′) → . . .

. . .

5

Constrain is defined for 
each construct

Two recursive calls to constrain



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

Replace binding 
with  

normal density



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

Replace binding 
with  

normal density



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

Absorb heap 
into 

final output



two measurements

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
. . .
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
. . .
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

3

two calls

two factors

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
. . .
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
. . .
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

3

k measurements

k calls

k factors

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

3

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

3

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ (t1 , t2) →
do {▹ (ȳ1 , ȳ2) (t1 , t2) ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (a ! n1 + b) 1;
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
return (a , b)}

λ (t1 , t2) →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (a ! n2 + b) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ (t1 , t2) →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

1

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

BAD



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Unrolled Li!ed

k calls

k factors

one call

one factor



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Unrolled Li!ed

▹ e t h =

case e of
(e + e ′) → . . .

(e , e ′) → . . .

. . .

plate : N→ (N→M α ) →M ⟨α⟩

5

become

size

indexed dist.

dist. over arrays

array

k-tuple



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Unrolled Li!ed



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Unrolled Li!ed



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Li!edUnrolled

become

become



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Li!ed

Li%ed 
constrain

Li%ed binding



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Li!edUnrolled



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Li!edUnrolled



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Li!edUnrolled

become



do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

do {a ! normal µa σa ;
b ! normal µb σb ;
y ! plate k (λ i → normal (a ! ni + b) 1);
return (y , (a , b))}

λ t →
do {▹ (ȳ1 , ȳ2 , ... , ȳk ) t ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ t ⎡⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ ! plate k (λ i → normal (a ! ni + b) 1)

⎤⎥⎥⎥⎥⎥⎦
;

return (a , b)}

λ t →
do {▹ ȳ1 t1 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
ȳ1 ! normal (ā ! n1 + b̄) 1;
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

▹ ȳ2 t2 ...;
...

▹ ȳk tk ...;
return (a , b)}

λ t →
do {▹ [ĵ ·k] ȳ[j] t ĵ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
ȳ ! [î ·k]. normal (ā[] ! nî + b̄[]) 1;
factor []. (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {▹ ȳ2 t2 ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
ȳ2 ! normal (ā ! n2 + b̄) 1;

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

...
▹ ȳk tk ...;
return (a , b)}

...

λ t →
do {▹ ȳk tk ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
ȳk ! normal (ā ! nk + b̄) 1;
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! normal µa σa ;
b̄ ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 t2);
factor (k = size t )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do { ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ā ! []. normal µa σa ;
b̄ ! []. normal µb σb ;
factor [ĵ ·k]. (dNorm (ā[] ! n ĵ + b̄[]) 1 t ĵ );
factor []. (k = size t );

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
_! plate k (λ i → factor (dNorm (a ! ni + b) 1 ti ))
factor (k = size t );
return (a , b)}

4

Li!edUnrolled







What works What we want to work

Index variable

Observing whole arrays, 
with copying, mapping, 
and transposing

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;
return ((y1 , y2) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);
return (a , b)}

do {a ! normal µa σa ;
b ! normal µb σb ;
y1 ! normal (a ! n1 + b) 1;
y2 ! normal (a ! n2 + b) 1;

...
yk ! normal (a ! nk + b) 1;
return ((y1 , y2 , ... , yk ) , (a , b))}

λ t →
do {a ! normal µa σa ;

b ! normal µb σb ;
factor (dNorm (a ! n1 + b) 1 t1);
factor (dNorm (a ! n2 + b) 1 t2);

...
factor (dNorm (a ! nk + b) 1 tk );
factor (k = size t );
return (a , b)}

î ·k
a ∼ N (µa , σa )

b ∼ N (µb , σb )

y1 ∼ N (a · n1 + b, 1)
y2 ∼ N (a · n2 + b, 1)
. . .

yk ∼ N (a · nk + b, 1)

3

Size

Conditionals inside arrays

Observing parts of arrays

Models from R2 
probabilistic 
programming suite

Chain-like dependencies 
between array elements
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A growing variety of base measures

::= lebesgue
counting⊗

Bhat et al. POPL 2012,
Shan & Ramsey POPL 2017

::=

n

⊗ ⊗

Narayanan & Shan
ICFP 2017

::= ret e � Discrete-continuous mixtures⊕ Disjoint sums
(x� ) ⊗ Dependent products

Narayanan & Shan Applications:
I clamped model/observation

(GPA, Tobit, camera)
I likelihood ratio, importance sampling,

mutual information
I belief update, Gibbs sampling

I Metropolis-Hastings sampling
I single site
I reversible jump, light transport
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Clamped observation requires mixed base

x� normal
y� normal
t = 5 x + 0 1 y
t = max 3 min +3 t
p = (x y)

t � lebesgue
p� ???

=

x
y

x
y
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Clamped observation requires mixed base

x� normal
y� normal
t = 5 x + 0 1 y
t � (factor t 3 ; ret 3) �

(factor t +3 ; ret+3) �
(factor t 3 ; ret t )

p = (x y)

t � ret 3 � ret+3 � lebesgue
p� ???

=

x
y

x
y
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Base-checking disintegration

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

x� normal
y� ret (10 ( 3 5 x)) �

ret (10 (+3 5 x)) �
lebesgue

t = 5 x + 0 1 y
factor t 3
factor (dnorm y)
factor t 3
p = (x y)

t� ret 3 � ret+3 � lebesgue
p� ???
y = 10 (t 5 x)
factor 10
factor t 3
factor (dnorm y)
factor t 3
p = (x y)

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
t = 3
p = (x y)

t � ret 3 � ret+3 � lebesgue
p� ???
x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

=

=

density

reparameterize

density
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Base-checking disintegration

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

x� normal
y� ret (10 ( 3 5 x)) �

ret (10 (+3 5 x)) �
lebesgue

t = 5 x + 0 1 y
factor t 3
factor (dnorm y)
factor t 3
p = (x y)

t� ret 3 � ret+3 � lebesgue
x� normal
y = 10 (t 5 x)
factor 10
factor t 3
factor (dnorm y)
factor t 3
p = (x y)

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
t = 3
p = (x y)

t � ret 3 � ret+3 � lebesgue
factor t = 3
x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

=

=

density

reparameterize

density
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Base-inferring disintegration

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

x� normal
y� reparam (y 5 x + 0 1 y) B
t = 5 x + 0 1 y
factor (10 jacobian (y ) B t)
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

t� B

p� ???
y = 10 (t 5 x)
factor 10
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
t = 3
p = (x y)

t � B

p� ???
x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

=

=

density
reparameterize

density

divide (ret+3) B tdivide

ret 3 �
ret+3 �
lebesgue

B

Infer principal base measure
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Base-inferring disintegration

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

x� normal
y� reparam (y 5 x + 0 1 y) B
t = 5 x + 0 1 y
factor (10 jacobian (y ) B t)
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

t� B

x� normal
y = 10 (t 5 x)
factor 10
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
t = 3
p = (x y)

t � B

divide (ret 3) B t
x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

=

=

density
reparameterize

density

divide (ret+3) B tdivide

ret 3 �
ret+3 �
lebesgue

B

Infer principal base measure
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Base-inferring disintegration

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

x� normal
y� reparam (y 5 x + 0 1 y) B
t = 5 x + 0 1 y
factor (10 jacobian (y ) B t)
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

t� B

x� normal
y = 10 (t 5 x)
factor 10
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
t = 3
p = (x y)

t � B

divide (ret 3) B t
x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

=

=

density
reparameterize

density

divide (ret+3) B tdivide

ret 3 �
ret+3 �
lebesgue

B

Infer principal base measure
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Base-inferring disintegration

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

x� normal
y� reparam (y 5 x + 0 1 y) B
t = 5 x + 0 1 y
factor (10 jacobian (y ) B t)
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

t� B

x� normal
y = 10 (t 5 x)
factor 10
divide lebesgue B t
factor (dnorm y)
factor t 3
p = (x y)

x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
t = 3
p = (x y)

t � B

divide (ret 3) B t
x� normal
y� normal
t = 5 x + 0 1 y
factor t 3
p = (x y)

=

=

density
reparameterize

density

divide (ret+3) B tdivide

ret 3 �
ret+3 �
lebesgue

B

Infer principal base measure



Generalized density calculation



Generalized MCMC sampling
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Exact calculation
for approximate computation

x
yAutomatic di�erentiation

for gradient descent
Automatic disintegration
for inference and sampling

A variety of base measures

Generalizes density, conditioning
Derived by equational reasoning

Mixtures, disjoint sums,
dependent products

Infer principal base measure

https://github.com/pravnar/disintegrating-mixtures


