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Disintegration relates ajoint measure with abase measure and  akernel

L M(T xP) B:MT k:T—MP

by the equation (t,p) « p = t«p - M(T x P)

p < &(t)

Generalizes conditioning:  x « normal = t « lebesgue ' M (R x R?)
y < normal p<...Pr(p,t)...
t«5-x4+01y
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a kernel

k: T—MP

Disintegration relates a joint measure with abase measure and

B M

g M(T x P)

t «f - M(T x P)

p < &(t)

(t,p) ~ p

by the equation

' M (R x R?)

t

X «~ normal
y « normal

Generalizes conditioning:

p ..

t«5-x4+01y

p = (X:y)
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Disintegration relates ajoint measure with abase measure and  akernel

L M(T xP) B:MT k:T—MP
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Disintegration relates a joint measure with abase measure and

L M(T xP) B:MT
by the equation (t,p) « p = t«p
p < &(t)

Generalizes density and conditioning
Can be thought of as unnormalized conditioning

a kernel
k:T—MP

: M (T x P)
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Disintegration relates ajoint measure with abase measure and akernel

g M(T x P) B:MT k:T—MP
by the equation (t,p) « p = t«p - M(T x P)
p < &(t)

Generalizes density and conditioning
Can be thought of as unnormalized conditioning

A semantics-preserving transformation on probabilistic programs

s-finite measures/kernels  random choice (normal), sequence of operations,
scoring (factor) not just a primitive

Derived by equational reasoning (hence proven sound by construction)
= This talk: equational reasoning on example programs
+ Established PL technology: lazy and partial evaluation (traversing computation graph)
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Composable transformations

{exact 1nference} [ mh
Lsimplify {cond1t1on ens1ty
uses
‘ normahze\dwmtegrate
{computer algebraJ expect total




model = .. “bind" \.. -

Modeling s e

l

Ldisintegrate}

Conditioning ¥

lam $ \.. -

dirac ..

[simplify}

Optimizing i &

> sampleN

) [Just (-2.27472855683721,
Sam lln 0.5837644016089706) ,
Just (-2.5749643550699046,

0.380584247902835),




lam $ \.. -

dirac ..

Sampling “oh |

lam $ \.. -

simplify

superpose ..

> sampleN
lam $ \.. -

= [Just (-2.27472855683721,
SUPETPOSE . 0.5837644016089706),
Just (-2.5749643550699046,

0.380584247902835),
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disintegrate »MH,
~ Gibbs
2 : m - N, integrate (Section 3.3) (patently linear
conditional distribution " expression
(S;?ﬂ:g 3 reduce (Section 3.4)
: . recognize (Section 3.4) o =
\ simplified distribution |« simplified
( : . patently linear
histogram < | histogram (Section 4) expression
(Section 4) . B‘
|| map-reduce expressions

A-normalization; loop-invariant code motion (Section 5.1)

Y

combined let bindingsﬁ

loop fusion; lowering (Section 5.1)

A

Sham IR

code gen <
(Section 5)

common indexing-expression elimination (Section 5.1)

Sham IR static data such as array sizes
\/l/c;n\stant propagation; array pre-allocation (Section 5.2)

Y
Y

Sham IR LLVM IR

. x86 code \
L — lowering L -03

Fig. 1. Our pipeline, compiling | probabilistic | programs via into M code to process | data




A growing variety of base measures

Bhat et al. POPL 2012,

Shan & Ramsey POPL 2017

B ::= lebesgue
| counting
|Bep
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A growing variety of base measures

Discrete-continuous mixtures
Disjoint sums
Dependent products
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Applications:
» clamped model/observation
(GPA, Tobit, camera)
» likelihood ratio, importance sampling,
mutual information
> belief update, Gibbs sampling
» Metropolis-Hastings sampling
» single site
» reversible jump, light transport
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A growing variety of base measures

Narayanan & Shan Bhat et al. POPL 2012,
ICFP 2017 Shan & Ramsey POPL 2017

B ::= lebesgue

Discrete-continuous mixtures
Disjoint sums
Dependent products

To appear in TOPLAS

Applications:
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» likelihood ratio, importance sampling,
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> belief update, Gibbs sampling
» Metropolis-Hastings sampling
» single site
» reversible jump, light transport
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Fixed-base disintegration

X « normal

Yy < normal
t=5-x4+0.1:y
b= (Xiy)

U A\

""" Y §
X

t « lebesgue
p « ??2?
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Fixed-base disintegration

X « normal = X « normal = t « lebesgue
Yy < normal y « lebesgue X « normal
t=5-x+0.1-y t=5-x+01-y y=10-(t—5-x)
p=(xy) factor (dnorm y) factor 10
p=(x,Yy) factor (dnormy)
p=(xy)

Wb
W

X

[ 20




Fixed-base disintegration

X « normal X « normal t « lebesgue
Y <« normal density Y 4~ Iebesgueﬁreparameterize X « normal
t=5-x+0.1-y t=5-x+01-y y=10-(t—5-x)
p=(xy) factor (dnorm y) factor 10
p=(x,Yy) factor (dnormy)
p=(xy)

//;’1"0““\\\
NN
y
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do {a « normal y, o,;
b « normal pp, op;
y; «~normal (a*n; +b) 1;
Y2 «~normal (a*n; +b) 1;

return ((y1, y2), (a, b))}

A(tl’ tZ) -

do {<] (gl ’ gg) (tl ’ tg) C} « normal Ha Oqa; 5
b « normal uy op;
j; «~ normal (a*n; +Db) 1;
2 «~normal (a*n; +b) 1

return (a, b)}

A(tl’ tZ) -

do {< i1 t; [a@ « normal p, og; :
b « normal 13 op; o [ [
j; «~ normal (a*n; + D) 1;
2 «~normal (a*n; +b) 1
<Yz ty ..
return (a, b)}

I two measurements

do {< i, t; [a@ « normal p, og; :
b « normal i, 0p;
factor (ANorm (a*n; +b) 1 t1);
i «~normal (a*ny +b) 1

return (a, b)}
Aty 1) —
do { a « normal y, og; ;
b « normal uy op;
factor (ANorm (a*n; +b) 1 t;);

factor (ANorm (a*n, +b) 1 t,)
return (a, b)}

A(ty, 1) =

do {a «~ normal y, o,;
b «~ normal p;, op;
factor (dNorm (a*n; + b) 1 t1);
factor (dNorm (a*n, + b) 1 t);
return (a, b))}




do {a « normal p, o,;
b « normal up op;
1 «~ normal (a*n{ +b) 1;
Yy «~ normal (a*n, +b) 1;

return ((y1 , yz) . (a, b))}

A (tl.a tZ) —
do {< (91 5 92) (1, 12) C__l « normal p, 0g; ;
b « normal 1, op;
i1 «~ normal (a*n; +b) 1;
ij «~normal (a*n, +b) 1
return (a, b)}




do {a « normal p, o,;
b «~ normal 1}, op; Constrain the to be the
y; <~ normal (a*n; +b) 1; measurements observation
Yy «~ normal (a*n, +b) 1; : '

return ((yl ) yZ) , (a, D))}

A(t, 1) —

do {< (41, 12) (t1, ) [a « normal 1, 0y; ; in the context
b « normal yip, op; of the heap
i1 «~ normal (a*n; +b) 1; :

ij «~normal (a*n, +b) 1
return (a, b)}




N5

A(t1, 1) —

do {<1 (71, 172) (t1, 1) a <« normal p1; 0;

b « normal pp op;
i1 «~ normal (a*ny +b) 1;
ij «normal (a*ny, +b) 1

return (a, b))}

Constrain is defined for
each construct

et h=

V

A(tl, tz) —

do {< 7, t; [a « normal pu, o,; :

< Y2 [y ...
return (a, b))}

b «~ normal 11, 0p;
/1 «~ normal (a*ny + D) 1;
ij «~normal (a*ny, +b) 1

case e of
(e +e’) o>

(e,e’) —> ...



5

A(tla t2) —

do {< 7; t; [a « normal p, o,;
b « normal 1, op;
i1 «~ normal (a*ny + b) 1;|-
ij «normal (a*ny, +b) 1

< gz [y ...
return (a, b))}

J

Y

/‘l(tla tZ) —

do {< ¢, t, [a « normal p, o,;
b « normal i, op;
factor (dNorm (a*n; +b) 1 t1);|-
ij «~normal (a*n, +b) 1

return (a, b))}

|

Replace bir{ding
with
normal Edensity



Y

A(tla tZ) —

do {< 7, t; [a « normal 4 04;
b «~ normal p; op;
factor (dANorm (a*n; +b) 1 t;);

gZ &L normal (a "Ny + b) | TR }

return (a, b)}

Y

Replace bir{ding
with

A(tla tZ) —

do {[a « normal y, o,;
b «~ normal yp op;

factor (ANorm (a*n; +b) 1 t;);
factor (dANorm (a*n, + b) 1 t3)-}-

return (a, b)}

normal density




\v/

A (tl 9 tZ) —
do {[a « normal p, o,; .
b «~ normal pp, op;
factor (dNorm (a*n; +b) 1 t;);
factor (dNorm (a*n, +b) 1 t3) |

return (a, b)) Absorb heap

1N
U to

At 1) — final output
do {a « normal p, og;
b «~ normal p; op;
factor (dNorm (a*n; +b) 1 t;);
factor (dNorm (a*ns +b) 1 t);
return (a, b)}




do {a « normal y, o,;

do {a «~ normal Ha Oa; b « normal p;, op;
y; «~~normal (a*n; +b) 1;
b «~ normal p, op;

y2 «~-normal (a*ny +b) 1;
y; «~normal (a*n; +b) 1;

Y2 «~ normal (a*n, +b) 1; kvl‘;ormal(a'n PB) 1 do a <~
return ((yl ’ y2) ’ (aa b))} do {a “ f:turn (1592, ...fyk), (la, b))} {b
At — ) : yl k\/
A(tl ’ t2) - do {<1 (1, 72, ) ‘
do {<1 (41, 72) (t1,12) a:evnormal,ua 04 ; yl < ‘ ; y2 Lo
b « normal py, op;
7J; «~normal (a*n; +b) 1; Lo ‘
2 «~ normal (a*n, +b) 1 y2 P |’ :
, b return (a, .
D) i return ((y1, y2), (a, b))} el
; & Yk <
At — p
T | . ¥ return (41,92, . uk), (a, b))}
do {< 7; t; [a@ « normal p, o,; ; . \
b ~ normal y1;, 03; 7

e 0. two measurements | T |

return (a, b)} e, <9 tlz

k measurements

® ° . < gk tk FEeH
‘e o return (a, b)}
L]
L]

Aty ) — ..". ﬂ

do {< 7, t; [a@ « normal p, o,; ; .. A
- . r—
b « normal Hb Ob; ® . . do {< 7, t; [a « normal p, og;
factor (ANorm (a*n;, +b) 1 t;); .. b « normal p, o3;
iy < normal (Cl "Ny + b) 1 . factor (dNorm (a-ny +b) 1 11);

return (a, b)} g2 «~ normal (a* ny +b) 1;

|factor (k = size t)

[ e two calls

A (tl ’ t2) - < g t.k .
do {[a «~ normal y, o,; ; return (a, b))}
b «~ normal Up Op;
factor (dNorm (a*n; +b) 1 t1);
factor (dNorm (a*n; +b) 1 t;)
return (a, b)}

k tactors

\U/ At —

do {< 7y 11 [a « normal 1, 0,;
A (tl ’ tz) - b « normal p;, op;

do (o < normal g o two f 9 CtOrS Fctor (ot (o1 +5) 11
. factor (dNorm (a*n, +b) 1 t,);
b «~ normal p, op; _
factor (dNorm (a*n; +b) 1 t;); 7« normal (a*ne + B) 1:
factor (dNorm (a*n, + b) 1 t,); ﬁcm:?,:lfziz(:t)nk +b 1
return (a, b)} return (a, b)}

V

At —
do {a «

\U/ cecceccoc e bk\/

A t H do {[a « normal p, o,; 1; factor

b « normal p;, o;
factor (dNorm (a*n; +b) 1 t);

do { a Lo factor-(dNorm (a*ny+b) 1t); factor

factor.(dNorm (a"ng +b)1ty); .
b % | factor (k = size t) ‘ ’ | .
return (a, b)} .
factor | factor

At — .
factor b factor (k = size t);
factor (dNorm (a*n; +b) 1 t;);

return (a ’ b)} factor.(dNorm (any+b)1t); return (a ’ b)}

factor (dNorm (a*ng +b) 1 ty);
factor (k = size t);
return (a, b)}




nrolled

k calls

k tactors

"
o Y

=

do {a « normal y, o,;
b « normal pp, op;
y; «~ normal (a*n; +b) 1;
y2 «~ normal (a*ny +b) 1;

Yk <~ normal (a* ng +b) 1;
return ((y1, Y2, -5 Yx)» (a, b))}

do {a « normal y, o,;
b « normal pp, op;
y « plate k (1i — normal (a*n; + b) 1);
return (g, (a, b))}

At —

do {<1 (§1, 25 -5 Gk) t [@ < normal 1, 0,3
b « normal 3, op;
i, <~ normal (@* ny +b) 1;
i «~ normal (@ * ny + b) 1;

At —

do {< §t [a« normal y, o, ;
b « normal Lp Obs
iy « plate k (Ai — normal (a*n; + b) 1)

return (a, b)}

|Ji < normal (a - nj + b) 1]
return (a, b)}

At —

do {< ; t; [a « normal p, og; 1;
b ~ normal p;, o;

i, «~ normal (a*n; +b) 1;
ijo «~ normal (@ *ny +b) 1;

5 «~ normal (a*ny +b) 1;
|factor (k = size t)
< gz Iy ...}

< Yk Lk s
return (a, b)}

At —

do {< 7, t; [a « normal p, og; 1;
b ~ normal p;, o;

factor (dNorm (a*n; +b) 1 t;);
ijo «~ normal (@*ny +b) 1;

5 <~ normal (a* ny +b) 1;
|factor (k = size t)

< Yk Lk s
return (a, b)}

At —
do {< i tr [a « normal y, og; IR
b « normal py, o;

factor (dNorm (a*n; +b) 1 t1);
factor (dNorm (a*n, + b) 1 t,);

ik <~ normal (a* ng +b) 1;
|factor (k = size t)

return (a, b)}
At —

do {[a « normal 1, o,; 1;
b « normal p;, o;

factor (dNorm (a*n; +b) 1 t;);
factor (dNorm (a*n, + b) 1 t,);

factor (dNorm (a* ng + b) 1 t3);
| factor (k = size t)
return (a, b)}

At —

do {a « normal y, o,;
b « normal pp, op;
factor (dNorm (a*n; + b) 1 t;);
factor (dNorm (a*n, + b) 1 t5);

factor (dNorm (a*ny +b) 1 ty);
factor (k = size t);
return (a, b)}

At —

do {<1 [J-k] 7[/] t; normal p, 0g; ;

S

«~[].

« [].normal pyp, op;

i « [i-k]. normal (a[] * n; + b[]) 1;
factor []. (k = size t)

return (a, b)}

At —
do {|a « [].normal p, o,; ;
b « [].normal 1, op;
factor [j-k]. (dNorm (a[] * n; + b[]) 11));
factor []. (k = size t);
return (a, b)}

At —
do {a « normal y, o,;
b « normal yp, op;
_ « plate k (Ai — factor (dNorm (a*n; +b) 1t;))
factor (k = size t);
return (a, b)}

Lifted

one call

one factor



Unrolled

do {a « normal p, og;
b «~ normal p op;

y; <~ normal (a*n; + b) 1;
yo <~ normal (a*n, +b) 1;

yr <~ normal (a*ng +b) 1;

return ((y1 ’ yz 9 <e0 9 yk) ’ (CZ, b))}

k-tﬁple

Lifted

do {a « normal p, og;
b «~ normal pp op;
........ y «~ plate k (Ai — normal (a*n; +b) 1);

return (y, (a, b))}

array

plate : N — (N — M a) — M:<05>

s1ze

indezxed dist.

dist. over arrays




Unrolled Lifted

do {a « normal Ua Oa; do {a « normal Ha Oa;
b «~ normal p op; b « normal 1, 0y;
y; <~ normal (a"n; +b) 1; y « plate k (Ai — normal (a*n; + b) 1);
ys <~ normal (a=n, +b) 1; return (y, (a, b))}

yr <~ normal (a*ng +b) 1;
I’eturn ((yl ° yz 9 ccc 9 yk) 9 (a9 b))}




Unrolled Lifted

do {a « normal p, o; do {a « normal p, o,;
b «~ normal 1, op; b « normal p;, op;
1 «~ normal (a*n; +b) 1; y « plate k (Ai — normal (a*n; + b) 1);
Yy <~ normal (a*ny + b) 1; return (y, (a, b))}

yr <~ normal (a*ng +b) 1;
return ((yl ’ y2 9«0 9 yk) ’ (a9 b))}

N N
At — At —
do {< (G102 ..o Up) t —a: «~ normal p, oy; 1; do {< 7t [a < normal p, 0y;
b « normal 1, op; ) b « normal pj, op;
g1 < normal (a*n; +b) 1; j «~ plate k (Ai — normal (a*n; +b) 1)
ij «~ normal (a*n, + b) 1; return (a, b))}
;. <~ normal (a*ng +b) 1

return (a, b)}




yk =¥ uuvliial \u Il T

Unrolled ” Lifted
% %

At — At —

do {< (§1,025..., i) t |G «~ normal p, og; 1; do {< 7§t [a <« normal y, og; 1;
b «~ normal up op; b «~ normal up op;
j; « normal (@*ny +b) 1; j «~ plate k (Ai — normal (a*n; +b) 1)
j, «~ normal (a*ny +b) 1; return (a, b)}

i <~ normal (G- ny + b) 1
return (a, b)}

become
: \v/ \v/
At — At —
do {< 7, 14 G« normal y, 0g; 1; do {<1 [j-k] J[j] L: [a < |.normal p, og;
: b « normal p;, op; b « [].normal p; op;
{; « normal (G *n; + b) 1; SRMITTLE RLLRRTRISITILLIITPRITE TS { k].normal (a[] * n; + b[]) 1;
J, <~ normal (a* ny + ) 1; : factor []. (k = size t)
............................. return (a, b))

become

j; «~ normal (@* ny + b) 1
factor (k = size t)
< ]772 tz cees

< Y tk ...
return (a, b)}




Y
At —
, do {<1 [j-k] y[/] t: [a <« |].normal p, og;
Lifted | b «~ []. normal p;, op;
constrain ... j « [i-k]. normal (a[] * n: + b[]) 1;
factor [|. (k = size t)

return (a, b))}

Lifted:binding




I_yk =~ 1Vllllai \u "t + U) l_l

Unrolled

At —
do {< 4, t; [@ « normal p, og; 1;
b « normal pp, 0p;
ij; «~normal (d*ny +b) 1;
ij, « normal (a@"ny + b) 1;
i «~ normal (a@*ng +b) 1;
factor (k = size t)
< gz tz cees
< Yk tk -5
return (a, b)}

Y
At —
do {< 7, t; [@ « normal p, o,; 15
b « normal pp, 0p;
factor (dANorm (a*n; +b) 1 t;);
ij, <~ normal (@ * ny + b) 1;
jr <~ normal (@ ny +b) 1;
factor (k = size t)
< Y btk -5
return (a, b)}

Lifted

At —

do (< [K] 901 ¢; |

return (a, b)}

]. normal p, o,;
|. normal p;, op;
z
r

S Qi
¢ ¢ ?

—
-
—
-
—
-

ij « [i-k].normal (a[] * n; + b[]) 1;

factor []. (k = size t)




o~ yn VK 000,

Uhi:olled
v

At —>
do {<1 1, 1y

<1 Yr Lk

(a4 «~ normal p,; o0g;

b « normal pp, 0p;

factor (dANorm (a*n; +b) 1 ty);
ij, « normal (a@"ny + b) 1;

i «~ normal (@ ny +b) 1;

factor (k = size t)

Ioo,

return (a, b)}

;
|

At —
do {<1 7 11

(a4 «~ normal y1,; 0g;
b «~ normal pp, 0p;
factor (ANorm (a*n; +b) 1 t;);
factor (dANorm (a*n, + b) 1 t,);

jr «~ normal (a@*ng +b) 1;
factor (k = size t)

return (a, b)}

Lifted




Unrolled
g

At —
do {< ¢ 11

'a «~ normal 1, og;
b «~ normal 11, 0p;
factor (dNorm (a*n; +b) 1 ty);
factor (dNorm (a=ny, +b) 1 t5);

i «~ normal (@ ny + b) 1;

factor (k = size t)

return (a, b)}

Y

At —

do {

'a «~ normal u, og;
b «~ normal yp, op;
factor (dNorm (a*n; +b) 1 t;);
factor (dNorm (a*ny, +b) 1 ty);

factor (dNorm (a*nyg +b) 1t,);
factor (k = size t)
return (a, b)}

Lifted

At —

do {[a « []. normal y, o,;

b « [].normal yp op;

-------- factor [j-k]. (dNorm (a[] * n;+ b[]) 1 £:);
factor []. (k = size t);

return (a, b)}




Al tyvl \ = olLl 1)

Unrolled i Liil’lted
Vs Vs

At — At —
do {[a « normal u, og; 1; do {[a « []. normal y, o,; 1;
b «~ normal yp, op; b « [].normal yj op;
factor (ANorm (a*ny +b) 1 ty); factor [j-k]. (dNorm (a[] *n:+ b[]) 1 ¢ )3
factor (ANorm (a*ny + b) 1 t,); factor []. (k = size t);
return (a, b)}

factor (dNorm (a*ng +b) 1t,);
factor (k = size t)
return (a, b)}

\v/ \v/
At —> At —>
do {a « normal y, o,; do {a « normal p, o,;
b « normal pu;, op; b « normal py op;
factor (dNorm (a*ny +b) 1 t;); « plate k (Ai — factor (dNorm (a*n; +b) 1t;))
factor (ANorm (a*ny + b) 1 t3); factor (k = size t);
return (a, b)}

factor (dNorm (a*ng + b) 1 ti);
factor (k = size t);
return (a, b)}




naiveBayes : N - N -» N — N - M ((N)) x (N)) (6.38)
naiveBayes = AsizeVocab. AnumLabels. AnumDocs. AsizeEachDoc. (6.39)
do {f « plate numLabels _. dirichlet (array sizeVocab _. 1);

0 « dirichlet (array numLabels _. 1);

{ « plate numDocs _. categorical 0;

ds « plate numDocs i.

plate sizeEachDoc _. categorical S[{[i]];
return (ds, {)}



disintegrate® (naiveBayes sizeVocab numLabels numDocs sizeEachDoc) t

= do {f « plate numLabels _. dirichlet (array sizeVocab _. 1);
0 « dirichlet (array numLabels _. 1);
{ « plate numDocs _. categorical 0;
_ « plate numDocs i.
plate sizeEachDoc j.
do {factor (BIZiTI[t[11[/1] + sum BIZTiT]);
return ()};
return ('}

(6.41)
(6.42)



What works What we want to work

A
/ A k G Observing parts of arrays

Index variable Size

Observing whole arrays,
with copying, mapping, Conditionals inside arrays
and transposing N | A
o1234%56789  Models from R2
8153127%¢4 JE ® © © - @ Chain-like dependencies
2192322982  probabilistic ! |
0122486757 programming suite GO (= 0 etween array elements




A growing variety of base measures

Narayanan & Shan Bhat et al. POPL 2012,
ICFP 2017 Shan & Ramsey POPL 2017

B ::= lebesgue

Discrete-continuous mixtures
Disjoint sums
Dependent products

Applications:
» clamped model/observation
(GPA, Tobit, camera)
» likelihood ratio, importance sampling,
mutual information
> belief update, Gibbs sampling
» Metropolis-Hastings sampling
» single site
» reversible jump, light transport
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Clamped observation requires mixed base

X « normal + t' « lebesgue
Y « normal p«~???
t=5-x4+01-y

t' = max{—3, min{+3,t}}

p=(xy)

/ A\
/TR0
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Clamped observation requires mixed base

X «~ normal

Y « normal

t=5-x4+0.1-y

t' « (factor (t < —3); ret —3) ©
(factor (t < +3); ret+3) ©
(factor (|t| < 3) ;rett )

p=(xy)

t' « ret —3 © ret +3 © lebesgue
p« 22?2
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Base-checking disintegration

X « normal

Yy « normal
t=5-x4+0.1:y
factor (t < —3)
t=-3

p= (Xiy)

X « normal

Y « normal
t=5-x4+0.1-y
factor (|t| < 3)
p=(xy)

t' «~ ret —3 © ret +3 © lebesgue
p«~7???

t «~ ret —3 @ ret +3 © lebesgue
p <« ?2?

29



Base-checking disintegration

X « normal
Yy « normal

t=5-x4+0.1-y

factor (t < —3)

t=-3 density
p=(xYy)

X «~ normal X «~ normal

Y « normal—density
t=5-x4+0.1-y
factor (|t| < 3)
p= (Xiy)

y «ret(10- (-3 —-5-x)) 0
ret (10- (+3-5-x)) ©
lebesgue reparameterize
t=5.-x+ 0.1-7
factor (t ¢ {£3})
factor (dnorm y)
factor (|t| < 3)

n — {)( \/\

t' «~ ret —3 © ret +3 © lebesgue
factor (t' = —3)

X « normal

Yy « normal

t=5-x4+01y

factor (t < —3)

p=(xY)

t «~ ret —3 @ ret +3 © lebesgue
X « normal

y=10-(t—5-x)

factor 10

factor (t ¢ {£3})

factor (dnorm y)

factor (|t| < 3)

p=(xy)
30



Base-inferring disintegration

X « normal

Yy « normal
t=5-x4+0.1-y
factor (t < —3)
t=-3

b= (Xiy)

X « normal

y « normal
t=5-x+01y
factor (|t| < 3)
p= (Xiy)

t' «B
p « ?27?

t«B
p «~ 27?2
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Base-inferring disintegration

X « normal

Yy « normal
=5.x4+01.y

factor (t < —3)

-

p= (Xiy)

X « normal

¥ < normal—density
t=5.-x4+0.1-y
factor (|t| < 3)

p= (Xiy)

density

X « normal

y « reparam (y — 5-x+0.1-y) B

t=5-x4+01.y

reparameterize

factor (10 / jacobian (y — --- ) Bt)

divide lebesgue B t
factor (dnorm y)
factor (|t| < 3)

p= (X:y)

t' «~B

divide (ret —3) Bt/
X « normal

Yy « normal
t=5.-x4+01y
factor (t < —3)
p=(xy)

t«B

X « normal
y=10-(t—5-x)
factor 10

divide lebesgue B t
factor (dnorm y)
factor (|t| < 3)

p=(xy) 3



Base-inferring disintegration

X « normal

Yy « normal
=5.x4+01.y

factor (t < —3)

-

p= (Xiy)

X « normal

¥ < normal—density
t=5.-x4+0.1-y
factor (|t| < 3)

p= (Xiy)

density

X « normal

y « reparam (y — 5-x+0.1-y) B

t=5-x4+01.y

reparameterize

factor (10 / jacobian (y — --- ) Bt)

divide lebesgue B t
factor (dnorm y)
factor (|t| < 3)

p= (X:y)

t' «~B

divide (ret —3) Bt/
X « normal

Yy « normal
t=5.-x4+01y
factor (t < —3)
p=(xy)

t«B

X « normal
y=10-(t—5-x)
factor 10

divide lebesgue B t
factor (dnorm y)
factor (|t| < 3)

p=(xy) 33



Base-inferring disintegration

Infer principal base measure

ret-3 O
divide ret+3 o B

lebesgue

divide (ret —3) Bt/

divide (ret +3) B t/

divide lebesgue B t
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Generalized density calculation

density : Ma — Ma — a— {Ry}
density pvt=1let u’ = u ® return ()
V' = v ®return ()
A = nfer u' t + infer v' t
in |check u' A t| + |check V' At



Generalized MCMC sampling

mhg : Ma— (a >Ma) - a— Ma
mhgn Qz = do {y ~ Q z;
rzy < return (greenRation Q (z,y));
Qgqy < return min(1,7,,);
b« bern a,;
return (if b then y else x)}

greenRatio : Ma — (o > Ma) = (a x a) = {R }
greenRatio n Q = density (fmap switch (n 8= Q)) (n &= Q)

switch : (a x 8) = (8 X «)
switch p = (snd p, fst p)

(&=):Ma— (a—>MpB) =M (ax )
m &=k =do {x « m;y « k x; return (x,y)}



Exact calculation
for approximate computation

https://github.com/pravnar/disintegrating-mixtures

Automatic differentiation
for gradient descent

Automatic disintegration
for inference and sampling
Generalizes density, conditioning
Derived by equational reasoning
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https://github.com/pravnar/disintegrating-mixtures


